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LIFTING COMMUTATION RELATIONS IN CUNTZ ALGEBRAS 


BRUCE BLACKADAR 


Abstract. We examine splitting of the quotient map from the full free prod¬ 
uct A* B, or the unital free product A B, to the (maximal) tensor product 
A® B, for unital C*-algebras A and B. Such a splitting is very rare, but we 
show there is one if A and B are both the Cuntz algebra O 2 or Ooo, and in a 
few other cases. The splitting is not explicit (and in principle probably cannot 
be). We also describe severe A-theoretic obstructions to a splitting. 


1. Introduction 

Lifting commutation relations from quotients of C*-algebras is a difficult and 
often unsolvable problem. We consider the essentially generic case where A and B 
are C*-algebras (to avoid unnecessary technicalities, we will only consider the case 
of unital A and B), and we have the quotient map from the full free product or full 
unital free product to the tensor product. 

Recall that the full free product A* B is the universal C*-algebra generated by 
copies of A and B with no relations (note that this free product is nonunital even 
if A and B are unital), the unital free product A ^ is the universal C*-algebra 
generated by copies of A and B with a common unit, and the tensor product A(g)B 
is the universal C*-algebra generated by commuting copies of A and B with a 
common unit (all tensor products in this paper are maximal; our examples are 
nuclear, so this is not much of an issue). There is a natural quotient map tt from 
the full free product A*B, or the unital free product A*cB, to the tensor product 
A®B. 

We consider the question of whether there is a splitting (cross section) for this 
quotient map, i.e. a ^-homomorphism a :A^B^A*B (or to A *c B, not 
necessarily unital) with tt o cr the identity on A® B. The short answer is “rarely”. 

Existence of a splitting for the quotient map from A* B to A® B is equivalent 
to having a functorial procedure for beginning with two (not necessarily unital) 
*-homomorphisms cj) : A ^ D and ip : B D ot A and B into a C*-algebra D and 
manufacturing new *-homomorphisms (p : A ^ D and ip : B ^ D such that (p{A) 
and 4>{B) commute and have a common unit. “Functorial” means: 

(i) If / : U —>■ D' is a ^-homomorphism, then f o (p = f o cp and f o ip = f o ip. 

(ii) If (p{A) and ip{B) already commute and have a common unit, then ip = (p 
and Ip = Ip. 
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[Such (j) and tp define a ^-homomorphism from A*B to D] let (p and tp be defined 
by {(p*Tp) oa for a splitting a]. Such a functorial procedure is automatically point- 
norm continuous in the sense that \i (pn '■ A ^ D and ipn ■ B ^ D converge point- 
norm to p and tp respectively, then pn ^ P and 'pn ^ "p point-norm respectively 
[it suffices to note that pn * pn ^ P * P point-norm[. 

Existence of a splitting is also equivalent to being able to always solve the fol¬ 
lowing lifting problem: given a C*-algebra D, a (closed) ideal J of D, and *- 
homomorphisms p : A ^ D/J and p : B ^ D/J such that p{A) and p{B) com¬ 
mute and have a common unit, and p and p separately lift to *-homomorphisms 
p : A ^ D and p : B ^ D, find lifts p : A ^ D and p : B ^ D such that p{A) 
and p{B) commute and have a common unit. 

We now give examples suggesting that splittings are “rare”. 

Example 1.1. Consider the simplest nontrivial C*-algebra C^. There is an explicit 
description of =i=c which is the universal unital C*-algebra generated by two 
projections, as the continuous functions from [0,1[ to M 2 which are diagonal at the 
endpoints (cf. |Bla061 IV. 1.4.2]). From this description it is easy to see that there is 
no splitting for the quotient map from *c to ® (which is just evaluation 
at the endpoints of [0,1]). There is a fortiori no splitting for the quotient map from 
to (8> C^, since this quotient map factors through *c 

There is also no splitting for the quotient map from to m- 

Example 1.2. Here is an easier example. Let n > 1. Then the quotient map from 
M„ to M„ (g)M„ cannot split (unitally). For M„ has M„ as a quotient, 

but there is no nonzero homomorphism from M„ (8> M„ = M „2 to M„. (Actually it 
cannot split nonunitally either; cf. Theorem 13.101 §4.) 

Similarly, if m and n (> 1) are not relatively prime, there is no splitting for the 
quotient map from *c to M™ 0 M„ = M^n, since *c has Mp as 
a quotient, where p is the least common multiple of m and n, and p < mn. If m 
and n are relatively prime, the question is more delicate, but it seems unlikely that 
Mm *c contains a unital copy of Mmn (there is no such copy if either m or n is 
prime IRVOSp . 

These obstructions to a splitting are AT-theoretic; see section [3] for a discussion. 

There is somewhat more hope in general of getting a splitting if the free product 
is replaced by a “soft tensor product” A ®e B where the copies of A and B are 
required to approximately commute (there are various ways to make this precise; 
cf. l2.1|) . In the case of C^(8)C^, we want to restrict to the case where the commutator 
pq — qp of the two generating projections has small norm, say < e for a specified 
e > 0. In fact, in this case, as soon as e < ^ there is a splitting, as is easily seen. 
A similar result holds for Mm @£ M„, where the matrix units of the two matrix 
algebras e-commute, and more generally for A®^B for A and B finite-dimensional, 
for small enough e. 

But in only slightly more general settings there is no splitting even in the soft 
tensor product case: 

Example 1.3. If we regard C'(T) ^(^(T) as the universal C*-algebra generated by 
two commuting unitaries, and we let C'(T)(i)£C'(T) be the “soft torus,” the universal 
C*-algebra generated by two unitaries u and v with |[uu—uu|| < e l lExeQai . |EEL91| . 
[EE02| '). then there is no splitting for the natural quotient map from C'(T) @£ C'(T) 
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to C(T) (g) C(T) for any e > 0 (the Voiculescu matrices f [Voi83] . [EL89] i can be 
used to show this is impossible). Thus a fortiori there can be no splitting for the 
quotient map from C'(T) *c C'(T) to C'(T) g) C'(T), since this quotient map factors 
through C'(T) ©e C'(T). This example can be essentially summarized by saying that 
C'(T^) = C'(T) g C'(T) is not semiprojective (12.31) . 

Example 1.4. Not all obstructions to a splitting are iti-theoretic. For example, 
there is no splitting for the quotient map from (^([0,1]) (^([0,1]) to 1]) g 

C([0,1]) = 1]^) for any e > 0 since C([0,1]^) is not semiprojective (12.31) . and 

hence no splitting for C([0,1]) *c (^([0,1]) ^ <^([0,1]) g C'([0,1]) even though there 
is a splitting on the iiT-theory level. (There is, however, a splitting for the quotient 
map from (^([O, l])=i=C'([0,1]) to (^([O, l])*cC’([0,1]); in fact, there is a simple explicit 
cross section for the map from A * (^([0,1]) to A =i=c ^([0,1]) for any unital A.) 

One can ask whether the quotient map from A *c B to A B ever splits (if 
neither A nor B is C). Perhaps surprisingly, the answer is yes: it splits if A and B 
are certain Kirchberg algebras (but far from all pairs of Kirchberg algebras). For 
example, in one of our main results we show lCorollarv l5.8l) it splits ii A = B = O 2 
or if A is any semiprojective Kirchberg algebra and B = Ooo- In fact, even the 
quotient map from A* B to A^ B splits in these cases. It has been known that 
in each of these cases, the quotient map from A ®e B to A ® B splits if e > 0 
is sufficiently small, where A®^ B denotes the universal C*-algebra in which the 
standard generators and their adjoints in the two algebras e-commute (this is easily 
proved from the definition of semiprojectivity, cf. 12.311 : but it came as a surprise to 
the author that there is a splitting even when no commutation condition (or any 
other relation) between the algebras is assumed. 

See Section!^ for definitions and a brief discussion of semiprojectivity and Kirch¬ 
berg algebras, and [Bkn^ for general information about C*-algebras. |Lor97] 
contains an extensive discussion of lifting problems and semiprojectivity for C*- 
algebras. 

I am indebted to the referee for pointing out a gap in the proof of Theorem l3.101 
and for comments leading to Theorem 15.21 and an improvement in Theorem 15.31 I 
also thank Mikael Rprdam and Wilhelm Winter for helpful conversations. 

2. Preliminaries 

2.1. HA and B are separable and unital, and Q and Ti are sets of generators for 

A and B respectively which are finite or sequences converging to 0, and e > 0, we 
define A®^ B to be the universal unital C*-algebra generated by unital copies of 
A and B such that ||[a, &]|| < e for all a € t/, h The notation does not reflect 
the dependence on Q and 77, which is not too important qualitatively; if we instead 
write A ®e,g,'H B, and G' and TL' are different sequences of generators converging 
to 0, then for any e > 0 there is an e' > 0 such that the natural quotient map from 
^ B to A® B factors through A ®e',G' ,'H' B. We will thus fix G and 77 and 

just write A B. 

The natural quotient map from A ®^ B to A ® B factors through A B for 
any e' < e. 

2.2. Recall the definition of semiprojectivity (' [Bla85] . [BlaOBl II.8.3.7]): A separa¬ 
ble C*-algebra A is semiprojective if, whenever 77 is a C*-algebra, (J„) an increasing 
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sequence of closed (two-sided) ideals of D, and J = [UJ„]“, then any homomor¬ 
phism (f> ■. A ^ D/ J can be partially lifted to a homomorphism ip : A D/ Jn ioi 
some sufficiently large n. 

If A is unital, then in checking semiprojectivity from the definition D and (p may 
be chosen unital, and then the partial lift ip can be required to be unital (in fact, 
Ip will automatically become unital if n is sufficiently increased). 

There are many known examples of semiprojective C*-algebras, but semiprojec¬ 
tivity is quite restrictive. For example, if X is a compact metrizable space, C{X) 
is semiprojective if and only if X is an ANR of dimension < 1 |ST12| : the dimen¬ 
sion restriction is essentially exactly the fact that commutation relations cannot be 
partially lifted in general. See also 12.51 

Proposition 2.3. Let A and B be unital semiprojective C*-algebras. Then the 
quotient map from A®e B to A® B splits (unitally) for some e > 0 (hence for all 
suffieiently small e > 0) if and only if A® B is semiprojeetive. 

Proof. Suppose A® B is semiprojective. Set D = A *c B and the kernel of the 
natural quotient map from D onto A B. Then (J„) is an increasing sequence 
of closed ideals of D, and if J = [U„ J„]“, then D / J = A® B. By semiprojectivity 
there is a (unital) partial lift of the identity map on A® B for some n. 

Conversely, suppose there is a splitting a for the quotient map from A B to 
A® B for some e > 0. Let D, {Jn), (p be as in the definition of semiprojectivity, 
with D and (p unital. For some sufficiently large n there are unital partial lifts ipA 
of <P\a®i and ipB of (p\i^B, which give a unital homomorphism ip from A*c B to 
D/ Jn which is a lift of ^ o tt, where tt is the quotient map from A B to A ® B 
(this is essentially the argument that shows that A*c B is semiprojective). Since 
the partial lifts of the generators of A and B asymptotically commute as n —oo, 
if n is sufficiently increased, the map ip factors through A B. Then ip o a is a. 
partial lift of <(), so A® B is semiprojective. □ 

2.4. A Kirchberg algebra is a separable nuclear purely infinite (simple unital) C*- 
algebra. It is not known whether such a C*-algebra is automatically in the bootstrap 
class for the Universal Coefficient Theorem |Bla98[ 22.3.4]; a Kirchberg algebra in 
this bootstrap class is called a UCT Kirchberg algebra. 

The first Kirchberg algebras to be studied were the Cuntz algebras On, 2 < 
n < oo. If 2 < n < oo, is the universal (unital) C*-algebra generated by n 
isometries with mutually orthogonal range projections adding up to the identity. 
Ooo is the universal (unital) C*-algebra generated by a sequence of isometries with 
mutually orthogonal range projections. The next class was the (simple) Cuntz- 
Krieger algebras Oa. These are all UCT Kirchberg algebras. 

Kirchberg (in part done also independently by Phillips) showed that the UCT 
Kirchberg algebras are classified by their AT-theory. If A is a unital C*-algebra, 
write L{A) for the triple {Ko{A), Ki{A), [1a]); L(^) is part of the Elliott invariant 
of A, and is the entire Elliott invariant of A if A is a Kirchberg algebra. A unital 
*-homomorphism (p from A to R induces a morphism from L{A) to L{B), i.e. a 
homomorphism : Kq{A) Kq[B) with (/)*o([1a]) = [Is] and a homomorphism 
(p„i : All (A) —>• Ki{B). The following facts are known (see |R0rO2| for a good 
exposition): 

(i) If A and B are UCT Kirchberg algebras and a : L(A) -p- L{B) is a mor¬ 
phism, then there is a unital ^-homomorphism <p : A ^ B with (p^, = a. If 








LIFTING COMMUTATION RELATIONS 


5 


OL is an isomorphism, can be chosen to be an isomorphism. In particu¬ 
lar, L{A) is a complete isomorphism invariant of A among UCT Kirchberg 
algebras. 

(ii) If Go and Gi are any countable abelian groups (recall that the if-groups 
of any separable C*-algebra are countable), and u is any element of Gq, 
then there is a UCT Kirchberg algebra A (unique up to isomorphism) with 
L(^)-(Go,Gi,u). 

Cuntz showed that T(0„) = (Z„_i,0,l) if n < oo and L{Ooc) = (Z, 0,1). As 
technical results toward the above classification, Kirchberg f |KP00| : cf. |R0rO2| ) 
showed the following facts about tensor products: 

(hi) For any Kirchberg algebra A (UCT or not), O 2 ^ A = O 2 . In particular, 
O 2 ® O 2 — O 2 ■ 

(iv) For any Kirchberg algebra A (UCT or not). Goo ® A = A. In particular, 
Goo ® Goo = Goo- 

(v) The infinite tensor products G^ and GJ^ are isomorphic to G 2 and Goo 
respectively. 

The isomorphism G 2 0 G 2 = G 2 (which was first shown by Elliott; cf. |R0r94| ) 
and the others are quite deep results. They are highly nonconstructive; in fact, it 
is in principle essentially impossible to give an explicit isomorphism of G 2 ® O 2 and 
O 2 by the results of |AC13| . 

2.5. It has recently been shown |Endl5j that if A is a UCT Kirchberg algebra, then 
A is semiprojective if and only if K^(A) is finitely generated (in fact, this problem 
was the original motivation for the work of the present paper). Special cases were 
previously known: it is easy to show that G„ (n < 00 ) and, more generally, Oa for 
any A is semiprojective mm- Goo was shown to be semiprojective in |Bla04| . 
and more general results were obtained in |Szy02| and |Spi09| . 

3. iF-THEORETIC OBSTRUCTIONS, UNITAL ErEE PRODUCT CASE 

It turns out that there are rather severe AT-theoretic obstructions to a splitting 
for the quotient map from A *c B to A ^ B. In this section, we will restrict 
attention to separable nuclear C*-algebras in the UCT class |Bla981 22.3.4], so that 
the Kiinneth Theorem for Tensor Products [Bla98l 23.1.3] and the results of |Ger97| 
hold, although some of what we do here works in greater generality. The analysis 
is largely an elementary (but moderately complicated) exercise in group theory, so 
some details are omitted. 

Let A and B be unital C*-algebras of the above form. We recall the results of 
the Kiinneth theorem and of [Ger97| : 


Ko{A®B) = [Ko{A)®j^Ko{B)]®[Ki{A)®i^Ki{B)]®Tovl{Ko{A),Ki{B))®Tovl{Ki{A),Ko{B)) 
Ki{A®B) ^ [iLo(A)®ziFi(R)]©[iLi(A)®ziFo(B)]©Torf(iLo(A),iFo(5))©Tor^(i^i(A),iFi(R)) 

where Tor^ denotes the Tor-functor of homological algebra. 

Prom the exact sequence of [Ger97| . we obtain: 


Ko{A*B)^Ko{A)®Ko[B) 

Ki{A*B)'^Ki{A)®Ki{B) 
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Ko{A B) [Ko{A) © Ko{B)]/{{[1a],-[1b])) 

Ki{A *cB)^Ki{A)®Ki{B)®Z 

if [1^] and [1^] are torsion elements of Kq{A) and Kq{B) respectively, and 

Ki{A *c B) ^ Ki{A) ® Ki{B) 

otherwise. 

In Ki{A *c B), the first two summands are well defined as subsets of the group, 
but the extra Z summand is not. 

The quotient map from A * B to A *c B induces the obvious maps on the K- 
groups. 

The quotient map tt from A*c B to A © B induces the following maps: on Kq, 
7r*o(a:,j/) = x© [1^] + [1^] © y in the Kq{A) 'S)i, Kq{B) summand; on the first two 
summands of Ki, 7r*i(x, j/) = ([1^] © y) © (x © [1^]) in the [Kq{A) ©z Ki{B)] © 
[Ki{A) ©z Kq{B)] summands. 

If there is a splitting, there must be cross sections for these maps. There will be 
a if-theoretic obstruction almost any time both A and B have nontrivial ifi, or if 
the rank of itTo of both A and B is at least 2. 

We first dispose of the extra summand of Z in Ki when it occurs. One can give 
a more precise and detailed analysis of this summand, but the following argument 
suffices for the purposes of this paper. 

Lemma 3.1. If [1a] and [l^j are torsion, the extra summand Z in Ki{A*icB) can 
be chosen so that the restrietion </> of the quotient map to this summand maps into 
Tor^{Ko{A),Ko{B)). 

Proof. Suppose to[1a] = 0 in Ko[A) and n]!^] = 0 in Kq{B) for natural numbers 
m, n. Since the exact sequence of [Ger97j is natural (functorial), it does not change 
if we replace A and B hy A® Ooo and B © Ooo respectively, i.e. we may assume 
A and B are properly infinite. Thus A and B contain unital copies of Om+i and 
On+i respectively. There is a corresponding summand of Z in Ki{Om+i *c 0„+i), 
which is well defined as the entire group Ki{Om+i *c On+i), and the Z summand 
in Ki(A B) can be taken to be the image of this summand, which maps into 
ToY\{Ko{Om+i), Ko{On+i)) since this is all of Ki{0^+i © 0„+i). □ 

Corollary 3.2. There can be a splitting at the K-theory level only if ip is zero, i.e. 
the image of Ki{A =i=c B) in Ki{A © B) is the same as the image of the subgroup 
KiiA)®KiiB). 

Proof. Tor^(ifo(^), Kq{B)) is a torsion group, so p cannot be injective. A quotient 
map of Z can only split if it is zero or injective. □ 

Thus we are reduced to considering only the summands Ki{A) © Ki{B) of 
Ki{A *cB). 

Proposition 3.3. A splitting for the quotient map from A B to A® B is im¬ 
possible under any of the following eonditions: 

(i) Ki(A)©zi^i(B) ^0. 

(ii) {rank{Ko{A))){rank{Ko{B))) > rank{Ko{A)) + rank{Ko{B)), or 
rank{Ko{A)) + rank{Ko{B)) — 1 if [1a] or [Is] has infinite order. 
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(iii) Toif{K4A),K4B))^0. 

This is only the beginning of the /f-theoretic obstructions. We will analyze the 
case where K^, (A) and if* (B) are finitely generated. Then we have 

ifo(^) =Z“©Go, ifi(A)=Z”©Gi 

ifo(-B) =Z^©iio, ifi(B) =Z’"©iii 
for nonnegative integers a, b, n, m and finite abelian groups Go, Gi, Hq, Hi. 

In order to have a splitting, from l3.3l iiil we need the orders of Go and Gi to be 
relatively prime to the orders of Hq and Hi, so we will assume this from now on. 
We also have that Ki[A) ©z Ki{B) = 0 is necessary for a splitting bv l3.3l il. which 
implies that n and m cannot both be nonzero; without loss of generality we assume 
TO = 0. We must have Z" ©z Hi = Hi = 0, so either n = 0 or iii = 0. We then 
obtain: 


(1) Ko{A *c B) = (Z“+'’ © Go © iio)/{[lA], -[Is]) 

( 2 ) Ko{A®B) = Z^^®Gl®HS 

( 3 ) Ki{A*cB)='Z^®Gi®Hi 

(4) if 1 {A® B)= Z"'' © Gj © iii“ © H^ 
since Gi ©z Hj = 0 for all i,j. 

We need for the induced maps from ifi(^ =i=c B) to Ki{A ® B) to be surjective 
and have a cross section. For this, we need H^ = 0, so n = 0 or Hq = 0. 

3.4. There are two trivial cases: K,t{A) is either (0,0), or (Z, 0) and [1^] = 1, in 
which case there is no restriction on if*(ii). (The situation is, of course, symmetric 
in A and B.) 

3.5. Next we can easily dispose of the case where n > 0. In this case we observed 
earlier that Hq = Hi = 0, and from (4) we see that b < 1. Thus K,,{B) is either 
(0,0) or (Z, 0). Suppose Ko{B) = Z. The map 7r*i from Ki{A *c ii) = Z" © Gi 
to Ki{A® B) = Z © Gi is multiplication by [1 s]; for this to be surjective, we need 
for [Is] to be a generator of Ko{B). Thus we are in one of the trivial cases. 

3.6. From now on we assume n = 0, i.e. Ifi(^) and Ki{B) are finite groups. The 
situation is now symmetric in A and B. The map from Kq{A *c B) to ifo(^ © B) 
must send Z“+''/([l^] , —[Is]) onto Z“^, and thus we must have ab < a -\- b, and if 
either the torsion-free part of [1^] or [Is] is nonzero, we must have ab < a-\-b—l. 
Thus we have that either aor6is<l, ora = 6 = 2 and the torsion-free part of 
both [1^] and [Is] is 0. But in the case a = b = 2, the maps 7r*o on the torsion-free 
part of Kq are zero and cannot be surjective. Thus there is no splitting in this case. 

3.7. Now assume without loss of generality that a = 0 or 1. We first dispose of the 
cases where [1 a] or [Is] has finite order (which includes the case a = 0). Suppose 

(ifo(fl), Ki{A), [1a]) = (Z © Go, Gi, (u, r)) 

(ifo(B),ifi(S),[ls]) = (Z^©iJo,i^i,(n,s)) 
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Then 

K^{A *c B) = ®Ho)/{{u,r,v,s)),Gi®Hi) 

K^{A ®B) = (Z^ © Go © Hq, G\ © Hi) 

If M = 0, then 7r*o maps Z^ © Hq to 0, so for the map to be surjective we must have 
6 < 1 and Hq = 0; ii b = 1, for 7r*o to map Z © Gq onto Ko{A © B) we must have 
n = 1. Similarly, 7 r*i maps the Hi to 0, so Hi = 0. Thus we are in a trivial case 
(for B). 

If n = 0, we argue similarly that Go = Gi = 0 and u = 1, so we are again in a 
trivial case (for A). 

Now consider the case 

(ifo(^),i^i(^),[lA]) = (Go,Gi,r) 

(i^o(S), Ki{B), [1b]) = (Z" © TIo, Hi, {v, s)) 
where b > 1 and ?; = 0. Then as before Go = Gi = 0 and we are in a trivial case 
(for A). 

The last case is where both K^:{A) and Kt,{B) are torsion (finite) groups. Then 

K,{A®B) = (0,0) 

and there is no if-theoretic restriction. 

3.8. The remaining case is where a = I, 6 > I, and [1a] and [1b] have infinite 
order. This is the most delicate case. Write u and v for the components of [1a] 
and [1b] in the torsion-free parts of Kn{A) and Kq{B) respectively; we may assume 
without loss of generality that u > 0 and that v = {w, 0 ,..., 0 ) with w > 0. 

First consider the case b = 1. We have 

Ko{A *c i?) = (Z © Go © Z © Ho)/{{u, r, -w, -s)) = 1?I{(u, -w)) © Go © iio 

and the map 7r*o to Ko{A © i?) = Z © Gq © iio must send Z'^/{(u, —w)) onto 
the first coordinate. This map is multiplication by w on the first coordinate plus 
multiplication by u on the second; thus it can only be surjective if u and w are 
relatively prime. In this case, it is both injective and surjective on this piece. 

The map 7r*o maps the Go to the Go and is multiplication by w. For this to 
be surjective (hence bijective), we must have rcGo = Go, i.e. w must be relatively 
prime to the order of Gq. Similarly, u must be relatively prime to the order of Hq. 
The same argument for 7 r*i shows that u and w are relatively prime to the orders 
of Hi and Gi respectively. 

We cannot rule out the case where u and v are greater than 1 and relatively 
prime. For example, consider the case u = 2, v = 3. For simplicity suppose the 
if-groups are torsion-free, i.e. K^.{A) = (Z, 0,2) and K^,{B) = (Z,0, 3). Then 
Kq{A *c B) = Z"^!{{2, —3)) with order unit [(2,0)] = [(0,3)]. Kq{A ® B) =Z with 
order unit 6 , and the map 7r*o sends [(a;, y)] to 3a: + 2y, and is an isomorphism; the 
inverse map sends n to [(n, —n)]. It is possible that this inverse map is induced 
by a homomorphism on the algebra level in some cases (e.g. possibly in the case 
A = M 2 (Goo) and B = M 3 (Goo)) (13.1211 . although it is not in the case A = M 2 , 
B = M3 (IXTTl) . 

Thus the possibilities are 

L(A) = (Z©Go,Gi,(?i, r)), L(B) = (Z Q Hq, Hi, (w, s)) 

where u is relatively prime to w and to the orders of Hq and Hi, and w is relatively 
prime to the orders of Gq and Gi. 
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3.9. Now consider the case 6 > 1. We have 

Kq{A *c B) = (Z © Go © Z'’ © i/o)/((u, r, -w, 0,..., 0, -s)) 

^ -w)) © Z''”^ © Go © i/o 

and the map 7r*o to Kq{A ® B) = Z^ © Gq © i?o must send 1? j{(u, —w)) onto 
the first coordinate. This map is multiplication by w on the hrst coordinate plus 
multiplication by u on the second; thus it can only be surjective if u and w are 
relatively prime. In this case, it is both injective and surjective on this piece. 

The map 7r*o sends Go into Gq and sends x to (wx, 0,..., 0). This can only 
be surjective if Gq = 0. Similarly, 7r*i sends Gi into Gj by the same formula, so 
Gi = 0. Thus K^(A) = (Z,0). 

However, we do not need to have u = 1. But there is a restriction: the map 
71*0 sends ffg into ffg by multiplication by u; this needs to be surjective, i.e. u is 
relatively prime to the order of Hq- Similarly, uHi = Hi, so u is relatively prime 
to the order of Hi. Thus, for any 5 > 1, we have the possibilities 

LiA) = (Z, 0, u), L{B) = {1} © Hu, Hi, (u;, 0,..., 0, s)) 

where u is relatively prime to w and to the orders of Hq and Hi. 

We summarize: 

Theorem 3.10. Let A and B be separable nuclear unital C*-algebras in the UCT 
class with finitely generated K-theory. Then there can be a splitting for the quotient 
map from A*c B to A® B only in the following situations: 

(i) L(H) = (0,0,0) or (Z, 0,1), L(i?) arbitrary (or vice versa). In the first case 
L{A ® B) = (0, 0,0), and in the second L{A ® B) = L{B). 

(ii) lIa) = {Go,Gi,r), L{B) = {Ho,Hi,s). In this case L{A® B) = {0,0,0). 
(hi) L{A) = (Z © Go, Gi, {u, r)), L{B) = (Z © Hq, Hi, {w, s)), where u is rela¬ 
tively prime to w and to the orders of Hq and Hi, and w is relatively prime 
to the orders of Go and Gi. 

(iv) L{A) = (Z, 0, u), L{B) = {7f © Hq, Hi, {w, 0,..., 0, s)), where h> 1, and u 
is relatively prime to w and to the orders of Hq and Hi. 

In (ii)-(iv), Gq,Gi,Hq,Hi are any finite abelian groups with the orders of Gq and 
Gi relatively prime to the orders of Hq and Hi. 

In all cases except (ii), K.^{A *cB) is the same as Kt,{A ® B) and the maps 7r*o 
and 7r»i are isomorphisms. In case (ii), we have 

L{A *c B) = ((Go/rGo) © (Hq/sHq), Gi © Hi, 0) 
i.e. the identity always has class 0. 

Theorem 13.101 does not guarantee a splitting in these cases; there often is not. 
For one thing, there may be more obstructions coming from ordered iF-theory: 

Example 3.11. (cf. Example II.2p Suppose K^{A) = Kt.{B) = (Z,0) but [1^] = 
TO, [Is] = n with m,n > 1. Then if*(yl ® B) = (Z,0) and K^{A *c B) = 
{I?/{{m, —n)),0), so there is potentially a splitting on the group level. But de¬ 
pending on the actual map tt* there may not be one at the scaled ordered group 
level, or even at the group level. 

Suppose n = TO. Then Kq{A*cB) = Z©Z„, and the order unit in Kq{A*cB) is 
(n, 0). The order unit in iiro(^®-S) isn^. The ma,p : Kq{A*cB) ^ Kq{A®B) is 
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multiplication by n, which is not surjective, so there can be no cross section. More 
generally, in n and m are not relatively prime, and d is their greatest common 
divisor and p is their least common multiple, then Kq{A *c B) = Z © and the 
order unit in Ko{A *c B) is (p,0). The order unit in Kq{A ® B) is mn; tt* is 
multiplication by ^ = d and is not surjective. 

In these cases there is not a splitting at the group level. But suppose m and n are 
relatively prime. Then there is a splitting at the group level (tt* is an isomorphism). 
But the positive cone in Kq{A^B) can be larger than the positive cone in the unital 
free product Kq{A*cB), for example ii A = M™, B = M„; in this case the positive 
cone in Kq{A®B) = Z is the usual one, but it is shown in |RV98] that (at least if m 
or n is prime) the positive cone in K(f{A *c B) is the subsemigroup of Z generated 
by m and n. 

Example 3.12. The situation can be nicer with Kirchberg algebras: the unital free 
product M2{Ooc) *c M3{Ooc) contains a unital copy of Mg. Let {e^ : 1 < i,j < 3} 
be the standard matrix units in the M^iOoo)- There are mutually orthogonal 
subprojections /i, / 2 , fd.,9i,92 of en in Ma^Ooo) adding up to en such that /i, / 2 , /a 
are equivalent to en and gi and 52 are equivalent (take [fk] = [en] and [gk] = — [cn] 
for all k in Kq{Ooc) — Z)- Then 

/i + /2 + /a 1 m 3 (Oo„) • 

We have that 1 m3(Ooo) = 1m2(Ooo) since the free product is unital, and 1 m2(Ocx,) i® 
the sum of two equivalent projections in the M 2 (Ooo), so /i + /2 + /a is the sum 
of two equivalent projections ri,r 2 . Set pn = ri + gi and pi 2 = r '2 + 92 ] then 
en = P11+P12, andpn Pi2- For j = 2,3 set pji = Cjipueij and Pj2 = e^ipney; 
then 

{Pjk : 1 < J < 3,1 < fc < 2} 

are six mutually orthogonal equivalent projections in M 2 (Ooo) *c -ikfa(Ooo) adding 
up to the identity. 

This argument generalizes to show that if m and n are relatively prime, then 
Mm{Ooo) *c Mn{Ooo) Contains a unital copy of M^n- Thus there is no iL-theoretic 
obstruction to a splitting in this case. 

Example 3.13. If ^ or i? does not have hnitely generated Lf-theory, the situation 
can be much more complicated. For example, if A is the CAR algebra, there does 
not appear to be any AT-theoretic obstruction to a cross section for the quotient 
map from A A to A ® A, but it is questionable that there is a splitting in this 
case. 

One unresolved question is: if there is a splitting for the quotient map from 
A *c B to A ^ B, is there necessarily a unital splitting (and is a splitting even 
necessarily unital)? It follows from Theorem 13.101 and the comment afterward that 
in the UCT case with finitely generated AT-theory, any splitting must necessarily 
at least send the identity of A © 5 to a projection in A*c B whose ATg-class is the 
same as the ATg-class of the identity. 

4. AT-Theoretic Obstructions, General Free Product Case 

We can do an essentially identical analysis of obstructions to splitting of the 
quotient map from A* B to A® B. But this case can also be handled more easily: 
if there is a splitting for this map, there is also a splitting for the quotient map from 
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A *c B to A ^ B, SO the restrictions in this case are more severe. However, it is 
easily seen that in all the cases in Theorem 13.101 where a splitting is possible, there 
is actually a splitting (at the iti-theory level) of the quotient map from A* B to 
A *c B. So the if-theoretic restrictions are identical in the two cases. (Restrictions 
from ordered itT-theory may be more severe in the full free product case; cf. Example 

O) 

The quotient map from A * B to A B does not split in general. There are 
if-theoretic obstructions in many cases; for example, a quotient map between finite 
abelian groups generally does not split. 

Ordered itT-theory also implies nonsplitting of the quotient map from A* B to 
A^cB \n some cases even when there is a splitting at the if-theory level: 

Example 4.1. The positive cone of * C^) = is the set of 

4-tuples with nonnegative entries, and the scale consists of points with each entry 
0 or 1 (not all such points; in fact, it can be shown that the scale only consists of 
(1,1,0, 0), (0, 0,1,1) and the 4-tuples with at most one 1). The positive cone and 
scale of ifo(C^ =i=c = Z'*/((l, 1, —1, —1)) are the images of the ones in lA. If 
there is a cross section tr : *c —>■ for the quotient map, cr* must send 

[(1,0, 0,0)] to an element of the scale in TA which is in the equivalence class; the 
only such element is (1,0, 0,0) (in fact, this is the only element of the equivalence 
class in the positive cone). Similarly, we must have cr*([(0,1, 0,0)]) = (0,1, 0,0), etc. 
But there is no such homomorphism since then 0 = (T*(0) = cr*([(l, 1, — 1, — 1)]) = 
(1,1,—1,-1) 7 ^ 0. Thus there can be no cross section. 

5. Lifting Commutation Relations 

This section contains the main results of this paper. 


Definition 5.1. Let A and B be unital C*-algebras. We say A absorbs B smoothly 
if there is an isomorphism from A to A® B which is homotopic to the embedding 
map I A : a I—>■ a © 1 b from AtoA®B. 

If B is smoothly self-absorbing, i.e. smoothly absorbs itself, then any A that 
absorbs B absorbs B smoothly. (It is an interesting and perhaps difficult question 
whether smoothly self-absorbing is equivalent to strongly self-absorbing.) 

Here are some examples of smooth absorption. These are easy consequences of 
known (sometimes deep) results, but have apparently not been explicitly written 
in the literature: 

(i) O 2 smoothly absorbs any separable simple unital nuclear C*-algebra since 
(a) it absorbs any such algebra and (b) any unital endomorphism of O 2 is 
homotopic to the identity map by |Cun811 2.1] since the unitary group of 
O 2 is connected. 

(ii) Ooo is smoothly self-absorbing by the same argument (cf. |R0rO21 8.2. 3]); 
thus any Ooo-absorbing C*-algebra (e.g. any direct sum of Kirchberg alge¬ 
bras) absorbs Ooo smoothly. 

(iii) The Jiang-Su algebra Z is smoothly self-absorbing by the results of [DW09] . 
Thus any Z-stable C*-algebra absorbs Z smoothly. 
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Theorem 5.2. Let A and B he separable unital C*-algebras. If A is semiprojective 
and absorbs B smoothly, then the quotient map from A* B to A® B splits, and the 
quotient map from A*c B to A® B splits unitally. 

Proof. Let be an isomorphism from A to A® B which is homotopic to I a ■ Since 
La lifts to a homomorphism {la) from Ato A* B and a unital homomorphism from 
A to A*c B, there is a lift ip oi (f to A * B and a unital lift ip ot (j> to A *c B hy 
the Homotopy Lifting Theorem [BlalSj . Then -tp o (p~^ and -tp o (p~^ are the desired 
splittings. □ 

We give a lower-tech alternate argument which covers many of the same cases 
and also potentially more situations. In the following, let A and P be a separable 
unital C*-algebra with the following properties: 

oo n 

(i) P is isomorphic to P, and hence to P®” = P for any n. 

k —1 k —1 

(ii) A is semiprojective and absorbs P, i.e. A ® P = A. 

Some examples of such A and P are: 

(a) A = O 2 OT a finite direct sum of copies of O 2 , P — B°° for any separable 
simple unital nuclear B, e.g. P = O 2 , Ooo, the Jiang-Su algebra Z, or the 
CAR algebra. 

(b) A a finite direct sum of semiprojective Kirchberg algebras, e.g. Ooo, P = 
Ooo or P = 

It is likely there are some other possibilities, although the conditions on A and P 
are rather restrictive. 

Theorem 5.3. Let A and P be as above. Let Q be the full free product of A and 
a sequence of copies of P, i.e. Q is the universal C*-algebra generated by a copy 
of A and a sequence of copies of P with no relations. The canonical quotient map 
IT : Q ^ A® P®°° splits, i.e. there is a *-homomorphism a : A® P®°° —>• Q with 
TT o a = id. 

Proof. For each n, let 

Qn = (A(8)P®") *P*P=i= ■ 

which is the universal C*-algebra generated by a copy of A and a sequence of 
copies of P such that the copy of A and the first n copies of P commute and have a 
common unit. There is an obvious canonical quotient map 7r„ from Q onto Qn for 
all n and a quotient map Trn,m ■ Qn —t Qm for n < to satisfying 7r„_p = Trm,p o ■Kn.m 
for n < m < p. Thus we have an inductive system (Qn,Trn,m) with surjective 
connecting maps, and 

lm((5n, TLn,m) = A (g) P®°° 

where the infinite tensor product is regarded as the universal C*-algebra generated 
by a copy of A and a sequence of copies of P which commute and have a common 
unit, and the isomorphism with the inductive limit is the canonical one. 

By assumption, A ® P^°° is isomorphic to A and is thus semiprojective. By 
definition of semiprojectivity, there is a lifting a : A® P®°° —>• of the identity 

map on A (g) p^°°^ for some n. Thus we have a cross section 

(T 

TT 


(A (g) P®”) :f= P =1= P =1= . . . 


(A ® P®”) ®P®P®--- 






LIFTING COMMUTATION RELATIONS 


13 


and the result follows by fixing an isomorphism of A with A (S> P®". □ 

Corollary 5.4. Let P and A be as in the theorem. For any n > 1, the quotient 
map from A * P * ■ ■ ■ * P (n copies of P) to A® p®" splits. 

Proof. The quotient map tt from Q io A® p®°° factors through 

p:Q^A*P*---*P* P®“ 

(n—1 copies of P), the universal C*-algebra generated by a copy of A and a sequence 
of copies of P where the copies of P for k > n commute and have a common unit. 
If CT : A (g) P®°° = A (g) p®("“i) (g) p®oo Q is the cross section from the theorem, 
then po a is the desired cross section once P®°° is identified with P. □ 

Since the quotient map from Q to A (g P®°° factors through the infinite unital 
free product of copies of A and P, the theorem and corollary remain true if “free 
product” is replaced by “unital free product.” However, this does not directly give 
a unital splitting. But we can simply repeat the argument replacing Q by the unital 
infinite free product to obtain unital versions: 

Theorem 5.5. Let A and P be as above. Let Q be the full unital free product of A 
and a sequence of copies of P, i.e. Q is the universal unital C*-algebra generated 
by a copy of A and a sequence of copies of P all with a common unit but with no 
other relations. The canonical quotient map tt : Q ^ A'^P®°° splits unitally, i.e. 
there is a unital *-homomorphism a : A® p®°° Q yjith tt o a = id. 

Corollary 5.6. Let P and A be as in the theorem. For any n > 1, the quotient 
map from A*c P P (n copies of P) to A® p®" splits unitally. 

Corollary 5.7. If A and P are as in the theorem, B is a C*-algebra, J a closed 
two-sided ideal of B with B / J unital, and Aq and Pq are commuting unital copies 
of A and P in B/ J, and Aq and Pq lift to copies of A and P in B, then Aq and Pq 
lift to commuting copies of A and P with a common unit in B. If B is unital, and 
Aq and Pq lift to unital copies of A and P in B, then Aq and Pq lift to commuting 
unital copies of A and P in B. 

Corollary 5.8. (i) If B is a separable simple unital nuclear C*-algebra, the canon¬ 
ical quotient map from O 2 * B to O 2 ® B splits, and the quotient map from O 2 *c B 
to O 2 ® B splits unitally. 

(a) Let A be a semiprojective Kirchberg algebra. Then the canonical quotient map 
from A * Oao to A® Ooo splits, and the quotient map from A *c Ooo to A® Oao 
splits unitally. 

(Hi) Let A be a Z-stable semiprojective C*-algebra. Then the canonical quotient map 
from A*Z to A® Z splits, and the quotient map from A*cZ to A® Z splits unitally. 

Note that the only known unital Z-stable semiprojective C*-algebras are finite 
direct sums of semiprojective Kirchberg algebras. 

6 . How Explicit and General? 

The quotient maps from O 2 * to O 2 ® On — O 2 and from 0„ = 1 = Ooo to 
On ® Ooo — On for any n, 2 < n < 00 , split. It would be very useful to have 
an explicit formula or description of a cross section in these cases (note that no 
uniqueness for the splitting should be expected); but there may not be any such 
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explicit description, just as there is no explicit isomorphism between O 2 0 O 2 and 
O 2 . 

There are still unresolved cases where both A and B are semiprojective Kirchberg 
algebras, and some other interesting cases: 

(i) Om ® On where m — 1 and n — 1 are relatively prime and > 1. Note that 
if TO — 1 and n — 1 are not relatively prime, then there is no splitting for 
Om 0 On (ruled out by Theorem I3.10|) . 

(ii) Mm{Ooo) 0 Mn{Ooo), with m,n > 1 and to and n relatively prime. The 
case TO = 1 or n = 1 is covered by the theorem, and the case to and n not 
relatively prime is ruled out by Theorem 13. 101 

(iii) Other cases potentially allowed by Theorem 13. lOl iil-livb 

(iv) O 2 ® B with B separable unital nuclear but not simple, even the case 
O 2 0 C^. Note that the case O 2 0 M2 is covered by the theorem. 

(v) Ooo 0 B, where B is separable unital nuclear but not purely infinite. Even 
the cases Ooo 0 and Ooo 0 M2 are open. 

The case where A and B are Kirchberg algebras which are not semiprojective 
is also open. There are still severe K'-theoretical obstructions to a splitting in 
this case, but there are some instances not ruled out, e.g. if A or B is Ooo, if 
Kq{A) = Ko{B) = Q or the dyadic rationals ([1 a] or [l^j not 0) and Ki{A) = 
Ki(B) = 0, or if the KT-groups of A and B are in a case allowed in Theorem 
I3.10r iil-livl where the Gi and Hj are not required to be finite, but just torsion 
with relatively prime exponents. The question of existence of a splitting would 
not seem to have any essential dependence on semiprojectivity (even though the 
present proof techniques use semiprojectivity). For example, in the UCT case one 
can write A and B as inductive limits of semiprojective Kirchberg algebras An 
and Bn (cf. |R0rO2| , [Endl5] l and try to make splittings for An * Bn ^ An ® 
Bn approximately compatible using approximate unitary equivalence theorems for 
embeddings of Kirchberg algebras. 

Cases such as 00.Z, Z0C^, 00M2, or M2=o 0M2OO, M200 and M200 0M2 
where M200 is the CAR algebra, are also open. (A UHF algebra of infinite type 
is smoothly self-absorbing but not semiprojective, as is Z.) Note that there is a 
AT-theoretic obstruction to a splitting for M200 0 C^, but not the others. 
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